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Quasiperiodic media

Quasiperiodic media

Ordered structures which are not necessarily periodic

Quasiperiodic media – In this presentation

Media whose physical properties can be represented as quasiperiodic functions

Periodic tiling

Quasiperiodic – Penrose – tiling
Shechtman, Blech, Gratias, Cahn, 1984

Meyer, 1995

Random tiling
Schematic representation
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One-dimensional quasiperiodic functions

Definition – Quasiperiodic functions

A function µα : R→ C is said to be quasiperiodic of order 2 if there exists α ∈ (0, π/2) and a
continuous function µp : R2 → C, 1–periodic in each variable, such that

∀ x ∈ R, µα(x) = µp(x cosα, x sinα) = µp(x~eα) ~eα := (cosα, sinα).

R~eα

~eα

α
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If tanα is rational , then µα is periodic .
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If tanα is irrational, then µα is not periodic in general.
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One-dimensional quasiperiodic functions

Definition – Quasiperiodic functions

A function µα : R→ C is said to be quasiperiodic of order 2 if there exists α ∈ (0, π/2) and a
continuous function µp : R2 → C, 1–periodic in each variable, such that

∀ x ∈ R, µα(x) = µp(x cosα, x sinα) = µp(x~eα) ~eα := (cosα, sinα).

Remarks

• µp is a periodic lift of µα , and α is the cut angle.

• The method presented here extends to 1D quasiperiodic functions of order n > 2.
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State of the art and goal

Spectral theory of 1D quasiperiodic/almost-periodic/random operators

KAM Theory, Monodromization approach
• Discrete and continuous Schrödinger operators

• Results that are generic or valid in certain parts of the spectrum

Eliasson, 1992
Figotin, Pastur, 1997
Fedotov, Klopp, 1999

Bougain, Jitomirskaya, 2002
Avila, Jitomirskaya, 2005

Lifting approach

Lift the PDE into a non-elliptic PDE with periodic coefficients
• Allows the augmented periodic PDE to be studied with

adapted tools.

Gérard-Varet, Masmoudi, 2010
Blanc, Le Bris, Lions, 2015

Wellander, Guenneau, Cherkaev, 2019

Goal of this work

Solve the time-harmonic wave equation in unbounded structures involving quasiperiodicity using the
lifting approach.
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The model problem

and the DtN method

Time-harmonic scalar wave equation with absorption

We wish to compute numerically u ∈ H1(R) the unique solution of

−
d

dx

(
µα

du

i

dx

)
− ρα ω2

u

i

= f, x ∈ R, (P

i

)

where • µα and ρα are bounded from above and below, and f ∈ L2(R)

• Imω > 0

• There exist a > 0 and 1–periodic functions µp, ρp ∈ C 0(R2) such that

∀ |x| ≥ a, µα(x) = µp(x~eα) and ρα(x) = ρp(x~eα)

• The source term f is compactly supported in (−a, a).
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The model problem and the DtN method

Goal – Design transparent boundary conditions

The restriction ui of u to (−a, a) is the unique solution of

−
d

dx

(
µα

dui

dx

)
− ρα ω2

u
i
= f, x ∈ (−a, a),

±µα
dui

dx
+ λ
±
u
i
= 0, x = ±a.

(Pi)
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Half-line quasiperiodic problem with absorption

Helmholtz equation with Dirichlet boundary condition

We want to compute numerically uα ∈ H1(R+) the unique solution of∣∣∣∣∣∣ −
d

dx

(
µα

duα

dx

)
− ρα ω2

uα = 0, x > 0

uα = 1, x = 0

(Pα)

where Imω > 0, µα(x) = µp(x~eα), and ρα(x) = ρp(x~eα).

The core idea

Seek uα as the trace of a two-dimensional function Uα along the line ~eα R+ , that is,

uα(x) = Uα(x~eα)
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Helmholtz equation with Dirichlet boundary condition

We want to compute numerically uα ∈ H1(R+) the unique solution of∣∣∣∣∣∣ −
d
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(
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)
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uα = 1, x = 0

(Pα)

where Imω > 0, µα(x) = µp(x~eα), and ρα(x) = ρp(x~eα).

The core idea

Seek uα as the trace of a two-dimensional function Uα along the line ~eα R+ , that is,

uα(x) = Uα(x~eα)

Chain rule

duα

dx
(x) = (DαUα)(x~eα), with Dα := ~eα · ∇ = cosα

∂

∂y1

+ sinα
∂

∂y2

© Pierre Amenoagbadji Sonia Fliss Patrick Joly 9



Lifting onto a periodic half-plane problem

Using the ansatz uα(x) = Uα(x~eα) and the rule
duα

dx
(x) = DαUα(x~eα), it is natural to introduce

ϕ is an arbitrary function such that ϕ(0) = 1.

It can be chosen periodic:

ϕ(·+ 1) = ϕ =⇒ Uα(·+ ~e1) = Uα(·).

−
d

dx

(
µα

duα

dx

)
− ρα ω2

uα = 0, x > 0,

uα = 1, x = 0

−Dα
(
µpDαUα

)
− ρp ω2

Uα = 0, y2 > 0,

Uα = ϕ, y2 = 0

Uα(·+ ~e1) = Uα(·)

y1

y2

~e2

~e1
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The periodic half-guide problem

Periodic half-guide problem

We are interested in a lift Uα(ϕ) which satisfies∣∣∣∣∣∣∣∣
−Dα

(
µpDαUα

)
− ρp ω2

Uα = 0, y ∈ B := (0, 1)× R∗+

Uα = ϕ, y ∈ (0, 1)× {0}

Uα| y1=0
= Uα| y1=1

, µpDαUα| y1=0
= µpDαUα| y1=1

(Pper)

• Nonelliptic1 principal part of the operator

, but

• Periodic coefficients

1We will refer to− div(µp∇U)− ρpω2U = 0 as the elliptic Helmholtz equation
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Theorem – Well-posedness and link with the 1D half-line solution

For any ϕ ∈ L2(0, 1), Problem (Pper) admits a unique solution Uα(ϕ) ∈ H1
α,per(B).

Moreover, if ϕ is

continuous at 0 with ϕ(0) = 1, then Uα(x~eα) solves (Pα) and thus uα(x) = Uα(x~eα).

H
1
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(B), U |

y1=0
= U |

y1=1
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Periodic half-guide problem

We are interested in a lift Uα(ϕ) which satisfies∣∣∣∣∣∣∣∣
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− ρp ω2

Uα = 0, y ∈ B := (0, 1)× R∗+

Uα = ϕ, y ∈ (0, 1)× {0}

Uα| y1=0
= Uα| y1=1

, µpDαUα| y1=0
= µpDαUα| y1=1

(Pper)

• Nonelliptic principal part of the operator, but

• Periodic coefficients

Theorem – Well-posedness and link with the 1D half-line solution

For any ϕ ∈ L2(0, 1), Problem (Pper) admits a unique solution Uα(ϕ) ∈ H1
α,per(B). Moreover, if ϕ is

continuous at 0 with ϕ(0) = 1, then Uα(x~eα) solves (Pα) and thus uα(x) = Uα(x~eα).

How can one solve (Pper) numerically?

Tools for the elliptic periodic Helmholtz equation: Fliss, Joly, Li, 2006 Fliss, 2009 Fliss, Joly, Lescarret, 2020
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Structure of the solution

As the solution of a periodic half-guide problem, Uα(ϕ) has a particular structure.

Σ` ≡ Σ

Cn ≡ C

~e1

~e2

Σ0

B

Σ1

C0

Σ2

C1

Σ3

C2

Σ4

C3

per per

ϕ

P2ϕ

P3ϕ

P4ϕ

Pϕ

Pϕ := Uα(ϕ)|
Σ1

Theorem – Structure of the half-guide solution

∀ n ≥ 0, Uα(ϕ)(·+ n~e2) = Uα(Pnϕ)(·)

P is called the propagation operator

Properties of P

As for the elliptic Helmholtz equation,

• P is injective and has a spectral radius ρ(P) < 1.

But due to the anisotropy, there exists p ∈ C 0
per(R) such that

∀ ϕ ∈ L2
(0, 1), Pϕ = pϕ(· − δ mod 1)

with δ = 1/ tanα and p(s) 6= 0 ∀ s ∈ (0, 1). Hence

• P is bijective and not compact

• If δ 6∈ Q, the spectrum of P is a circle (Antonevich, 1996)
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Structure of the solution

As the solution of a periodic half-guide problem, Uα(ϕ) has a particular structure.
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P4ϕ

Pϕ

Pϕ := Uα(ϕ)|
Σ1

Theorem – Structure of the half-guide solution

∀ n ≥ 0, Uα(ϕ)(·+ n~e2) = Uα(Pnϕ)(·)

P is called the propagation operator

Properties of P in the non-elliptic case
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per(R) such that

∀ ϕ ∈ L2
(0, 1), Pϕ = pϕ(· − δ mod 1)

with δ = 1/ tanα and p(s) 6= 0 ∀ s ∈ (0, 1). Hence

• P is bijective and not compact

• If δ 6∈ Q, the spectrum of P is a circle (Antonevich, 1996)
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Algorithm and numerical results

Solve the periodic waveguide problem

1. • Compute the solutionsE0
α(ϕ) andE1

α(ϕ) of the local cell problems

• Compute the local DtN operators T 00 , T 01 , T 10 , and T 11

−Dα
(
µpDαE

`
α

)
− ρp ω2

E
`
α = 0 in C

ϕ

0

per perE0
α(ϕ)

C
Σ0

Σ1

0

ϕ

per perE1
α(ϕ)

C
Σ0

Σ1

Same spirit as the method of characteristics
• Solve quasiperiodic cell problems on 1D

segments along ~eα

• “Concatenate” the 1D solutions
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Σn

Σn+1

Uα(ϕ)(·+ n~e2)| C = E0
α(Pnϕ) + E1

α(Pn+1ϕ)
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0

ϕ

per perE1
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C
Σ0
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Algorithm and numerical results

Solve the periodic waveguide problem

1. • Compute the solutionsE0
α(ϕ) andE1

α(ϕ) of the local cell problems

• Compute the local DtN operators T 00 , T 01 , T 10 , and T 11

2. Determine propagation operator P as the unique solution with a spectral radius ρ(P) < 1 of

T 10 P2
+ (T 00

+ T 11
)P + T 01

= 0

~eα

Same spirit as the method of characteristics
• Solve quasiperiodic cell problems on 1D

segments along ~eα

• “Concatenate” the 1D solutions

per perE0
α(ϕ)

C
Σ0

Σ1

T 01ϕ

T 00ϕ

per perE1
α(ϕ)

C
Σ0

Σ1

T 11ϕ

T 10ϕ

T `jϕ = (−1)j+1 µpDαE
`
α(ϕ)

∣∣∣
Σj
, ∀ `, j ∈ {0, 1}
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Algorithm and numerical results

Solve the periodic waveguide problem

1. • Compute the solutionsE0
α(ϕ) andE1

α(ϕ) of the local cell problems

• Compute the local DtN operators T 00 , T 01 , T 10 , and T 11

2. Determine propagation operator P as the unique solution with a spectral radius ρ(P) < 1 of

T 10 P2
+ (T 00

+ T 11
)P + T 01

= 0

2D finite elements 1D finite elements along ~eα

~eα

Same spirit as the method of characteristics
• Solve quasiperiodic cell problems on 1D

segments along ~eα

• “Concatenate” the 1D solutions

Spectral method
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Algorithm and numerical results

Solve the periodic waveguide problem

1. • Compute the solutionsE0
α(ϕ) andE1

α(ϕ) of the local cell problems

• Compute the local DtN operators T 00 , T 01 , T 10 , and T 11

2. Determine propagation operator P as the unique solution with a spectral radius ρ(P) < 1 of

T 10 P2
+ (T 00

+ T 11
)P + T 01

= 0

3. Construct the solution Uα(ϕ) cell by cell using

Uα(ϕ)(·+ n~e2)| C = E
0
α(Pnϕ) + E

1
α(Pn+1

ϕ)

Solve the quasiperiodic half-line problem

Compute uα(x) = Uα(x~eα)
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Algorithm and numerical results

• ω = 8 + 0.25i • α = π/3 • ϕ = exp(2iπx)

−1
0
1 Reϕ
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0 2 4 6 8 10

−1

0
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Algorithm and numerical results

• ω = 8 + 0.25i • α = π/3 • ϕ = 1− 21(1/3,2/3)
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Algorithm and numerical results

• ω = 20 + 0.25i • α = π/3 • ϕ = 1
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Algorithm and numerical results

• ω = 20 + 0.05i • α = π/3 • ϕ = 1
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Algorithm and numerical results

Solve the periodic waveguide problem

1. • Compute the solutionsE0
α(ϕ) andE1

α(ϕ) of the local cell problems

• Compute the local DtN operators T 00 , T 01 , T 10 , and T 11

2. Determine propagation operator P as the unique solution with a spectral radius ρ(P) < 1 of

T 10 P2
+ (T 00

+ T 11
)P + T 01

= 0

3. Construct the solution Uα(ϕ) cell by cell using

Uα(ϕ)(·+ n~e2)| C = E
0
α(Pnϕ) + E

1
α(Pn+1

ϕ)

Solve the quasiperiodic half-line problem

Compute uα(x) = Uα(x~eα)

Solve the locally perturbed quasiperiodic problem on the whole line

Compute the DtN coefficients λ± and the solution of the locally perturbed quasiperiodic problem (P)
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Algorithm and numerical results

• ω = 10 + 0.05i • α = π/3
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Algorithm and numerical results

• ω = 10 + 0.05i • α = π/3
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2 Quasiperiodic line problem

3 Periodic half-space problem

4 Conclusion
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Model problem

Helmholtz equation with Dirichlet boundary condition

We wish to compute u ∈ H1(Ω+), Ω+ := {x1 tanα− x2 > 0}, the unique solution of∣∣∣∣∣ − div A∇u− ρω2
u= 0, x ∈ Ω+

u= ϕ, x ∈ ∂Ω+

(P)

where • Imω > 0

• A ∈ C 0(R2; R2×2) and ρ ∈ C 0(R2) are 1–periodic, bounded and coercive

• The Dirichlet data ϕ belongs toH1/2(∂Ω+).

Ω+

α

x1

x2

su = ϕ(s)
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Current methods

tanα = 1

/3

When tanα is rational

The medium is periodic along the
interface
Fliss, Joly, 2008; Fliss, Cassan, Bernier, 2010
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Current methods

per
per

perper

tanα = 1

/3

When tanα is rational

The medium is periodic along the
interface
Fliss, Joly, 2008; Fliss, Cassan, Bernier, 2010

Procedure in the rational case

1. Apply Floquet-Bloch transform in the direction of the boundary

2. Solve a family of waveguide problems parameterized by the Floquet variable
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Current methods and limitations

per
per

perper

tanα = 1/2

When tanα is rational

The medium is periodic along the
interface
Fliss, Joly, 2008; Fliss, Cassan, Bernier, 2010

But the domain size increases with the
denominator of tanα.

Procedure in the rational case

1. Apply Floquet-Bloch transform in the direction of the boundary

2. Solve a family of waveguide problems parameterized by the Floquet variable
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Current methods and limitations

When tanα is rational

The medium is periodic along the
interface
Fliss, Joly, 2008; Fliss, Cassan, Bernier, 2010

But the domain size increases with the
denominator of tanα.

When tanα is irrational

The medium is no longer periodic along
the interface

But it still has a quasiperiodic structure.
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A hidden quasiperiodicity property

Quasiperiodic structure

Define ∀ z = (z1, z2, z3) ∈ R3, Ap(z) = A(z1 + z3, z2) and ρp(z) = ρ(z1 + z3, z2)

• The tensor Ap and the coefficient ρp are lifts of A and ρ.

• Ap and ρp represent a 1–periodic medium in all directions.

z1 z2

z3
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A hidden quasiperiodicity property

Quasiperiodic structure

Define ∀ z = (z1, z2, z3) ∈ R3, Ap(z) = A(z1 + z3, z2) and ρp(z) = ρ(z1 + z3, z2)

and consider the matrix

C =

1 − tanα

0 1

0 tanα



z1 z2

z3

α α

Ω+
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A hidden quasiperiodicity property

Quasiperiodic structure

Define ∀ z = (z1, z2, z3) ∈ R3, Ap(z) = A(z1 + z3, z2) and ρp(z) = ρ(z1 + z3, z2)

and consider the matrix

C =

1 − tanα

0 1

0 tanα


Then one shows that

x ∈ Ω+ ⇐⇒ Cx ∈ {(z1, z2, z3) ∈ R3, z1 > 0}
x ∈ ∂Ω+ ⇐⇒ Cx ∈ {(z1, z2, z3) ∈ R3, z1 = 0}

z1 z2
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α α

Ω+

C
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A hidden quasiperiodicity property

Quasiperiodic structure

Define ∀ z = (z1, z2, z3) ∈ R3, Ap(z) = A(z1 + z3, z2) and ρp(z) = ρ(z1 + z3, z2)

and consider the matrix

C =

1 − tanα

0 1

0 tanα


Then one shows that

x ∈ Ω+ ⇐⇒ Cx ∈ {(z1, z2, z3) ∈ R3, z1 > 0}
x ∈ ∂Ω+ ⇐⇒ Cx ∈ {(z1, z2, z3) ∈ R3, z1 = 0}

and ∀ x ∈ R2
, A(x) = Ap(Cx) and ρ(x) = ρp(Cx)

z1 z2

z3

α α

Ω+

C
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The lifting approach

Helmholtz equation with Dirichlet boundary condition

We wish to compute u ∈ H1(Ω+), the unique solution of∣∣∣∣∣ − div A∇u− ρω2
u= 0, x ∈ Ω+

u= ϕ, x ∈ ∂Ω+

(P)

where ∀ x ∈ Ω+, A(x) = Ap(Cx) and ρ(x) = ρp(Cx) with

∀ z = (z1, z2, z3) ∈ R3
, Ap(z) = A(z1 + z3, z2), ρp(z) = ρ(z1 + z3, z2),

and where

C =

1 − tanα
0 1
0 tanα.

 satisfies x ∈ Ω+ ⇐⇒ Cx ∈ R3
+ := {z1 > 0}

The core idea

Seek u as the trace of a function U : R3
+ → C along the half-plane {Cx, x ∈ Ω+}, that is,

u(x) = U(C x).
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Lifting onto a periodic half-space problem

Using the ansatz u(x) = U(C x) and the rule∇u(x) =
[

tC∇U
]
(C x), it is natural to introduce

ϕp(z2, z3) is an arbitrary function such that ϕp(s tanα, s) = ϕ(s).

It can be chosen periodic:

ϕp(z2 + 1, z3) = ϕp(z2, z3) =⇒ U(·+ ~e2) = U(·).

− div A∇u− ρω2
u= 0, x ∈ Ω+,

u= ϕ, x ∈ ∂Ω+

z1

z2

z3
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Lifting onto a periodic half-strip problem

Using the ansatz u(x) = U(C x) and the rule∇u(x) =
[

tC∇U
]
(C x), it is natural to introduce

ϕp(z2, z3) is an arbitrary function such that ϕp(s tanα, s) = ϕ(s). It can be chosen periodic:
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Lifting onto a periodic half-strip problem

Using the ansatz u(x) = U(C x) and the rule∇u(x) =
[

tC∇U
]
(C x), it is natural to introduce

ϕp(z2, z3) is an arbitrary function such that ϕp(s tanα, s) = ϕ(s). It can be chosen periodic:

ϕp(z2 + 1, z3) = ϕp(z2, z3) =⇒ U(·+ ~e2) = U(·).

Properties of the 3D half-strip problem

• Periodic coefficients

• Nonelliptic principal part
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Resolution of the half-strip problem

Using the ansatz u(x) = U(C x) and the rule∇u(x) =
[

tC∇U
]
(C x), it is natural to introduce

ϕp(z2, z3) is an arbitrary function such that ϕp(s tanα, s) = ϕ(s). It can be chosen periodic:

ϕp(z2 + 1, z3) = ϕp(z2, z3) =⇒ U(·+ ~e2) = U(·).

How to solve the 3D half-strip problem

1. Apply Floquet-Bloch transform along z3

2. Solve a family of waveguide problems

− div
(
CAp

t
C∇U

)
−ρp ω2

U

k

= 0, z1 > 0,

U

k

= ϕp, z1 = 0

Ûk(·+ ~e2) = Ûk(·),

U

k

(·+ ~e2) = U

k

(·)

z1

z2

z3
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Resolution of the half-strip problem

Using the ansatz u(x) = U(C x) and the rule∇u(x) =
[

tC∇U
]
(C x), it is natural to introduce

ϕp(z2, z3) is an arbitrary function such that ϕp(s tanα, s) = ϕ(s). It can be chosen periodic:

ϕp(z2 + 1, z3) = ϕp(z2, z3) =⇒ U(·+ ~e2) = U(·).

How to solve the 3D half-strip problem

1. Apply Floquet-Bloch transform along z3
2. Solve a family of waveguide problems

− div
(
CAp

t
C∇Ûk

)
−ρp ω2

Ûk= 0, z1 > 0,

Ûk= ϕ̂p, z1 = 0

Ûk(·+ ~e2) = Ûk(·), Ûk(·+ ~e3) = eikÛk(·)

∀z ∈ R3
, Ûk(z) =

1
√

2π

∑
n∈Z

U(z + n~e3) e
ikn

∀n ∈ Z, U(z + n~e3) =
1
√

2π

∫ π

−π
Ûk(z) e

ikn
dk

z1

z2

z3
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Resolution of the half-guide problem

Using the ansatz u(x) = U(C x) and the rule∇u(x) =
[

tC∇U
]
(C x), it is natural to introduce

ϕp(z2, z3) is an arbitrary function such that ϕp(s tanα, s) = ϕ(s). It can be chosen periodic:

ϕp(z2 + 1, z3) = ϕp(z2, z3) =⇒ U(·+ ~e2) = U(·).

How to solve the 3D half-strip problem

1. Apply Floquet-Bloch transform along z3
2. Solve a family of waveguide problems

− div
(
CAp

t
C∇Ûk

)
−ρp ω2

Ûk= 0, z1 > 0,

Ûk= ϕ̂p, z1 = 0

Ûk(·+ ~e2) = Ûk(·), Ûk(·+ ~e3) = eikÛk(·)

∀z ∈ R3
, Ûk(z) =

1
√

2π

∑
n∈Z

U(z + n~e3) e
ikn

∀n ∈ Z, U(z + n~e3) =
1
√

2π

∫ π

−π
Ûk(z) e

ikn
dk

Half-guide

Fliss, Joly, 2008

1. Solve local cell
problems

2. Compute the
propagation
operator P

z1

z2

z3

P
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Numerical results

Test case for the half-space problem

Data ϕ and function ρ
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Numerical results

Test case for the half-space problem

• ω = 5 + 0.5i • α = π/3 • ϕ(s) = exp(−s2/2)

0 1 2 3 4 5 6 7 8
−3

−2

−1

0

1

2

3

−1

0

1

© Pierre Amenoagbadji Sonia Fliss Patrick Joly 19



Numerical results

Test case for the half-space problem

• ω = 10 + 0.5i • α = π/3 • ϕ(s) = exp(−s2/2)

0 1 2 3 4 5 6 7 8
−3

−2

−1

0

1

2

3

−1

0

1

© Pierre Amenoagbadji Sonia Fliss Patrick Joly 19



Numerical results

Test case for the half-space problem

• ω = 10 + 0.1i • α = π/3 • ϕ(s) = exp(−s2/2)

0 1 2 3 4 5 6 7 8
−3

−2

−1

0

1

2

3

−1

0

1

© Pierre Amenoagbadji Sonia Fliss Patrick Joly 19



Outline

1 Introduction and model problem

2 Quasiperiodic line problem

3 Periodic half-space problem

4 Conclusion
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Conclusion

Summary

Resolution of the Helmholtz equation in a locally perturbed quasiperiodic medium
• Extend the PDE to a periodic PDE through the lifting approach

The multidimensional case (ongoing)

• Extension to transmission problems

~t+

~n+

~t−
~n−
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Conclusion

Summary

Resolution of the Helmholtz equation in a locally perturbed quasiperiodic medium
• Extend the PDE to a periodic PDE through the lifting approach

The multidimensional case (ongoing)

• Extension to transmission problems

~t+

~n+

~t−
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