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Quasiperiodic media

Periodic tiling Random tiling
Schematic representation
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Quasiperiodic media

Quasiperiodic media

Ordered structures which are not necessarily periodic

Quasiperiodic — Penrose - tiling
Shechtman, Blech, Gratias, Cahn, 1984
Meyer, 1995
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Quasiperiodic media

Quasiperiodic media

Ordered structures which are not necessarily periodic

Quasiperiodic medi s presentatio

Media whose physical properties can be represented as quasiperiodic functions

Quasiperiodic — Penrose - tiling
Shechtman, Blech, Gratias, Cahn, 1984
Meyer, 1995
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One-dimensional quasiperiodic functions

Definition — Quasiperiodic functions

A function p, : R — Cis said to be quasiperiodic of order 2 if there exists o € (0, 7/2) and a
continuous function p,, : R — C, 1-periodic in each variable, such that

o

Vz€eR, |ua(ac) = pp(x cosa, x sina) = pp(z €y)

« 1= (cos a, sin a).
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One-dimensional quasiperiodic functions

Definition — Quasiperiodic functions

A function p, : R — Cis said to be quasiperiodic of order 2 if there exists o € (0, 7/2) and a
continuous function p,, : R — C, 1-periodic in each variable, such that

Vz€eR, |ua(ac) = pp(x cosa, x sina) = pp(z €y)

€q 1= (cos a, sin a).

tana =3 €Q

| | |
—4 —2 0 2 4
If tan « is rational, then ., is periodic.

© Pierre Amenoagbadji  Sonia Fliss  Patrick Joly



One-dimensional quasiperiodic functions

Definition — Quasiperiodic functions

A function p, : R — Cis said to be quasiperiodic of order 2 if there exists o € (0, 7/2) and a
continuous function p,, : R — C, 1-periodic in each variable, such that

Vz€eR, |ua(ac) = pp(x cosa, x sina) = pp(z €y)

€q 1= (cos a, sin a).

If tan « is irrational, then i, is not periodic in general.
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One-dimensional quasiperiodic functions

Definition — Quasiperiodic functions

A function p, : R — Cis said to be quasiperiodic of order 2 if there exists o € (0, 7/2) and a
continuous function p,, : R — C, 1-periodic in each variable, such that

Vz€eR, |un(z) = pp(x cosa, x sina) = pp(z €y)

€q 1= (cos a, sin a).

Remarks

e L, is a periodic lift of 1., and « is the cut angle.

e The method presented here extends to 1D quasiperiodic functions of order n > 2.
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State of the art and goal

Spectral theory of 1D quasiperiodic/almost-periodic/random operators

- Eliasson, 1992

KAM Theory, Monodromization approach Figotin, Pastur, 1997
e Discrete and continuous Schrodinger operators Fedotov, Klopp, 1999

. L . Bougain, Jitomirskaya, 2002

o Results that are generic or valid in certain parts of the spectrum Agvi,a Jitomirskaia 2005
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State of the art and goal

Spectral theory of 1D quasiperiodic/almost-periodic/random operators

- Eliasson, 1992

KAM Theory, Monodromization approach Figotin, Pastur, 1997
e Discrete and continuous Schrodinger operators Fedotov, Klopp, 1999

. - . Bougain, Jitomirskaya, 2002

o Results that are generic or valid in certain parts of the spectrum Ag‘,,»,a Jitomirska;a 2005

Lifting approach

Lift the PDE into a non-elliptic PDE with periodic coefficients Gérard-Varet, Masmoudi, 2010

e Allows the augmented periodic PDE to be studied with Blanc, Le Bris, Lions, 2015
adapted tools. Wellander, Guenneau, Cherkaev, 2019
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State of the art and goal

Lifting approach

Lift the PDE into a non-elliptic PDE with periodic coefficients Gérard-Varet, Masmoudi, 2010
e Allows the augmented periodic PDE to be studied with Blanc, Le Bris, Lions, 2015
adapted tools. Wellander, Guenneau, Cherkaev, 2019

Goal of this work

Solve the time-harmonic wave equation in unbounded structures involving quasiperiodicity using the
lifting approach.
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o Introduction and model problem

e Quasiperiodic line problem

© Periodic half-space problem

o Conclusion

© Pierre Amenoagbadji  Sonia Fliss  Patrick Joly




e Quasiperiodic line problem
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The model problem

Time-harmonic scalar wave equation with absorption

We wish to compute numerically « € H' (R) the unique solution of

d f ,,
(e S=) —paw?u=f, @€R, (2)
dz

where e i, and p,, are bounded from above and below, and f € L?(R)

e Jmw >0
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The model problem

Time-harmonic scalar wave equation with absorption

We wish to compute numerically « € H' (R) the unique solution of
d du

(P«o E
where e i, and p,, are bounded from above and below, and f € L?(R)

)*in2u:f, z €R, (2)

e Jmw >0

e There exist a > 0 and 1-periodic functions s, p, € €°(R?) such that

Vel > a, pa(@) =pp(zéa) and pa(z) = pp(zea)

e The source term f is compactly supported in (—a, a).

—5 =3 —a 0 a 3 5
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The model problem

Time-harmonic scalar wave equation with absorption

We wish to compute numerically « € H' (R) the unique solution of
d du

(P«o E
where e i, and p,, are bounded from above and below, and f € L?(R)

)*in2u:f, z €R, (2)

e Jmw >0

e There exist a > 0 and 1-periodic functions s, p, € €°(R?) such that
Vel > a, pa(@) =pp(zéa) and pa(z) = pp(zea)

e The source term f is compactly supported in (—a, a).

The method remains valid if u, (resp. p.) coincides with a different quasiperiodic function in (+a, +00).

—5 =3 —a 0 a 3 5
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The model problem and the DtN method

Goal - Design transparent boundary conditions

The restriction u* of u to (—a, a) is the unique solution of

d du’
—— (,u,LY —) = (U wiui= f, z € (—a,a),
dz dz

du + o
+po — +ATu =0, z==a
dx
3 T T T =
1 i 1
1 u 1
2 [~ 1 1 m
1 1
1b 1 1 |
| | | | |
—5 =8 “a 0 a 3 5
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The model problem and the DtN method

Goal - Design transparent boundary conditions

The restriction u" of u to (—a, a) is the unique solution of

d dut
——(;hY l) — Pa L;.)2’u,‘:f7 z € (—a,a),
dx dx (22)
du’ + !
iuad—jt)\ u =0, z==a.
x

The Dirichlet-to-Neumann coefficients A* can be expressed as
+
*_ du,

M = F o == (2a)

where uf is the unique H! solution of the quasiperiodic half-line problem

d du*
7—(/10 7“) — Pa w? 71,i =0, =z > a,

dx dx
’u,f =1, @ = a5
3F T T —
U.‘V 0 0 'U“

1 1
2 1 1

1 1
1l 1 1 b

| | | | |

—5 -3 —a 0 a 3 5
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The model problem and the DtN method

Goal - Design transparent boundary conditions

The restriction u" of u to (—a, a) is the unique solution of
d dut
- (,u,LY l) — Pa wiui= f, z € (—a,a),
dz dz
du’

+pue — + )\i uw'=0, == =+a.
dx

(%)

The Dirichlet-to-Neumann coefficients A* can be expressed as
+
*_ du,

M = F o == (2a)

where uf is the unique H! solution of the quasiperiodic half-line problem

-5 =3 —a 0 a 3 5
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The model problem and the DtN method

Goal - Design transparent boundary conditions

where uf is the unique H! solution of the quasiperiodic half-line problem

d du*
7—(/40 7“) — Pa w?ut =0, =z > a,

dz dx <
u, =1, x==a.
We focus on uf( = u, and we assume that o = 0.
& [= I I T I T =
1 1
1 1
2 1 1
1 1
1+ 1 1 —
! ! ! ! ! !
-5 -3 —a 0 a & 5
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Half-line quasiperiodic problem with absorption

Helmholtz equation with Dirichlet boundary condition

We want to compute numerically ., € H' (R ) the unique solution of

d dug 2
—— (#a &) = paw’ua=0, >0

dz dz (Za)

U =1, =0

where Jmw >0, pa(x) =pp(xés), and po(z) = pp(zéy).

The core idea

Seek u, as the trace of a two-dimensional function U, along the line €, R, that is,

ey (@) = U (@ Fa))
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Helmholtz equation with Dirichlet boundary condition

We want to compute numerically v, € H' (R ) the unique solution of

Half-line quasiperiodic problem with absorption

d ( dug ) 2 a >0
—— (pa — Paw Ua=0, x
dz 2 dz 2

(2a)

U =1, =0

where Jmw >0, pa(x) =pp(xés), and po(z) = pp(zéy).

Seek u, as the trace of a two-dimensional function U, along the line €, R, that is,

dug N . . o . o
(w) = (D(,(Ua)(a:eq), with D, :=€, -V =cosa — +sina —
dx Oy1 0y2
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Lifting onto a periodic half-plane problem

du, . .
Using the ansatz u,, (z) = U, (xz €, ) and the rule l—’ (z) = Do Uy (z €y ), itis natural to introduce
axr

d ( dug ) 2 a >@
- « - )(\ c a = ) - b
dz = dz P& E ’

Uy =1y, @2=0
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Lifting onto a periodic half-plane problem

du, . .
Using the ansatz u,, (z) = U, (xz €, ) and the rule l—’ (z) = Do Uy (z €y ), itis natural to introduce
axr

d dug, 2 B R
= (e S=2) = paw’ua =0, z>0, — Dy (pp Dalla) = ppw’ Ua =0, y2 >0,
dx dx
—_—
A 4 A 4 A 4 va A A 4 A 4 A 4 A 4 A 4

L,aOOO
@ © @ O @
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Lifting onto a periodic half-plane problem

Using the ansatz u,, (z) = U, (z €,) and the rule % ( ) = Do U, (x €,), itis natural to introduce
X

U =1, =0 >
Y24
€2
L, &1
Y1
@ >
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Lifting onto a periodic half-plane problem

du, . .
Using the ansatz u,, (z) = U, (xz €, ) and the rule l—’ (z) = Do Uy (z €y ), itis natural to introduce
axr

Uy =1y, @2=0 >

 is an arbitrary function such that ¢ (0) = 1.

WANY IR VAS A VAV VAR A VAVAVERS AR
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Lifting onto a periodic half-plane problem

du, . .
Using the ansatz u,, (z) = U, (xz €, ) and the rule l—’ (z) = Do Uy (z €y ), itis natural to introduce
axr

d du, 2 = 9 o

= = (un ) —paw ua =0, x>0, — Do (pp DaUs) — ppw” Ua =0, y2 >0,
dx dx

U =1, =0 = Uas=¢, y2=0

 is an arbitrary function such that ¢ (0) = 1. It can be chosen periodic:

g vaA g g g g g

© © 6 /06 6 @
L,aOOOOO @

W/\Q/\Q/\Q/\Q/ Y1
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Lifting onto a periodic half-guide problem

du, . .
Using the ansatz u,, (z) = U, (xz €, ) and the rule l—’ (z) = Do Uy (z €y ), itis natural to introduce
axr

d dug 2 = 9 o
- — (un ) —pPaw us=0, x>0, — Do (pp DaUs) — ppw” Ua =0, y2 >0,
dx dx
Uuo =1, =0 Ua=¢, y2=0

Ua(-+ 1) =Ua(")

 is an arbitrary function such that ¢ (0) = 1. It can be chosen periodic:

p(+1)=¢ = Ua(-+€1) =Ua().

—

o
L, o

SAVAVAVAVAVAYAYAYS NANANASNDNAN 0
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Lifting onto a periodic half-guide problem

du, . .
Using the ansatz u,, (z) = U, (xz €, ) and the rule l—’ (z) = Do Uy (z €y ), itis natural to introduce
axr

d dug 2 = 9 o
- — (un ) —pPaw us=0, x>0, — Do (pp DaUs) — ppw” Ua =0, y2 >0,
dx dx
Uuo =1, =0 Ua=¢, y2=0

Ua(-+ 1) =Ua(")

 is an arbitrary function such that ¢ (0) = 1. It can be chosen periodic:

p(+1)=¢ = Ua(-+€1) =Ua().

—

©

Y2 4
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The periodic half-guide problem

Periodic half-guide problem

We are interested in a lift U, (¢) which satisfies

—Do (pp DalUs) — ppw?Us =0, y € B:=(0,1) x R}
Ua=¢, ye€(,1)x{0} (Pper)
l"pD(xlinxl yi=0 l"pD(xlinxl yi=1

Ua| = Ua|

y1=0 y1 =1’

o Nonelliptic! principal part of the operator

TWe will refer to — div (upVU) /:W;Z(/ = 0 as the elliptic Helmholtz equation
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The periodic half-guide problem

Periodic half-guide problem

We are interested in a lift U, (¢) which satisfies

—Do (pp DalUs) — ppw?Us =0, y € B:=(0,1) x R}
Ua = o, S (0’ 1) X {0} (r@per)

el i = el s 0Pty = 0t

o Nonelliptic! principal part of the operator

Theorem — Well-posedness and link with the 1D half-line solution

Forany » € L?(0, 1), Problem (Z2,¢r) admits a unique solution U, () € H} __.(B).

o, pe

HY por(B) = {U € L’(B), D.Ue€L’(B), Ul _,=Ul y,zl}

TWe will refer to — div(ppVU) — /)},wzlf = 0 as the elliptic Helmholtz equation
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The periodic half-guide problem

Periodic half-guide problem

We are interested in a lift U, (¢) which satisfies

—Do (pp DalUs) — ppw?Us =0, y € B:=(0,1) x R}
Ua = o, S (0’ 1) X {0} (r@per)

el i = el s 0Pty = 0t

o Nonelliptic! principal part of the operator

Theorem — Well-posedness and link with the 1D half-line solution

Forany » € L?(0, 1), Problem (Z2,¢r) admits a unique solution U, () € Héwpe,(B). Moreover, if ¢ is

continuous at 0 with (0) = 1, then U,, (z &, ) solves (£, ) and thus|un () = Ua (x €y)

HY por(B) = {U € L’(B), D.Ue€L’(B), Ul _,=Ul y,zl}

TWe will refer to — div(ppVU) — /)},wzlf = 0 as the elliptic Helmholtz equation
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The periodic half-guide problem
Periodic half-guide problem

We are interested in a lift U, (¢) which satisfies

—Daq (pip DalUs) — ppw’Ua =0, y€B:=(0,1) x R
Uao=¢, yE€ (O’ 1) X {0} (gper)

wi=o = Ual, _1» #pDalal, _o=ppDalal, _,

e Nonelliptic principal part of the operator, but

e Periodic coefficients

Theorem — Well-posedness and link with the 1D half-line solution

Forany » € L?(0, 1), Problem (Z2,¢r) admits a unique solution U, () € Héwpe,(B). Moreover, if ¢ is

continuous at 0 with (0) = 1, then U,, (z &, ) solves (£, ) and thus|un () = Ua (x €y)

How can one solve (Zper) numerically?

Tools for the elliptic periodic Helmholtz equation: Fliss, Joly, Li, 2006 Fliss, 2009 Fliss, Joly, Lescarret, 2020
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Structure of the solution

As the solution of a periodic half-guide problem, U,, (¢) has a particular structure.

| P i=Ua(9)| 5, |
Ye=X 5
Ch=C Plyp P Theorem — Structure of the half-guide solution
Cs V>0, Us(p)(-+né2)=Ua(P"¢)(-)
P3p 33 P is called the propagation operator
per @ per Properties of P
P2y oA As for the elliptic Helmholtz equation,
e P isinjective and has a spectral radius p(P) < 1.
C1
P 1
€5 Co
€
Lbl ¥ o
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Structure of the solution

As the solution of a periodic half-guide problem, U,, (¢) has a particular structure.

| P i=Ua(9)| 5, |
Ye=X B
Ch=C Plyp P Theorem — Structure of the half-guide solution
Ca V>0, Ua(@)(-+né2) = Ua(P")(-)
P3p 33 P is called the propagation operator
per @G per Properties of P in the non-elliptic case
P2y P
Cy . ) 0
But due to the anisotropy, there exists p € €, (R) such that
2 o N
P R Vo€ L(0,1), Pe=pe(-—3imod1l)
withd = 1/tanaand p(s) #0 V s € (0,1). Hence
20} Co e P is bijective and not compact
& e If 5 ¢ Q, the spectrum of P is a circle (antonevich, 1996)
® o
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Algorithm and numerical results

Solve the periodic waveguide problem

1. e Compute the solutions E° () and E., () of the local cell problems

—Da (up DaEg) —ppw’ Eq =0 inC

%)
3 v
per E% (¢) per per El(p)
C @
b))
0 @ 0
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Algorithm and numerical results

Solve the periodic waveguide problem

1. e Compute the solutions E° () and E., () of the local cell problems

—Da (up DaEg) —ppw’ Eq =0 inC

7;.77,+1Lp
En+1
per Ua(p) per
ol
Pro
lBy linearity

Ua(0)(- +né2)| o = EQ(P"¢) + Eo(P" o)

© Pierre Amenoagbadji  Sonia Fliss  Patrick Joly 13



Algorithm and numerical results

Solve the periodic waveguide problem

1. e Compute the solutions E° (¢) and E (¢) of the local cell problems

—Da (up DaEg) —ppw’ Eq =0 inC

2D finite elements 1D finite elements along €.,

e Solve the local cell problems on an
unstructured 2D mesh
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Algorithm and numerical results

Solve the periodic waveguide problem

1. e Compute the solutions E° (¢) and E (¢) of the local cell problems

—Da (up DaEg) —ppw’ Eq =0 inC

2D finite elements 1D finite elements along €.,

Same spirit as the method of characteristics

e Solve the local cell problems on an
unstructured 2D mesh
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Algorithm and numerical results

Solve the periodic waveguide problem

1. e Compute the solutions £”

() and E. () of the local cell problems

—Da (up DaEg) —ppw’ Eq =0 inC

2D finite elements 1D finite elements along €.,

i €o

Same spirit as the method of characteristics

e Solve the local cell problems on an e Solve quasiperiodic cell problems on 1D
unstructured 2D mesh segments along €,

e “Concatenate” the 1D solutions
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Algorithm and numerical results

Solve the periodic waveguide problem

1.

e Compute the solutions E° (¢) and E (¢) of the local cell problems

e Compute the local DtN operators 7°°, 701, 710, and 7!

2. Determine propagation operator P as the unique solution with a spectral radius p(P) < 1 of

TIUP2+(TUO+TII)P+TOI o

01, 11
. \T ® \T ®

3

0 1
per E, (¥) per per E_ (¢) per

C C
20 Z()
TOOLP\ ngc\i
| 79e=0"wmb.Bl),,. Yeico1 |
J
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Algorithm and numerical results

Solve the periodic waveguide problem

1. e Compute the solutions E° (¢) and E (¢) of the local cell problems

e Compute the local DtN operators 7°°, 701, 710, and 7!

2. Determine propagation operator P as the unique solution with a spectral radius p(P) < 1 of

TP+ (TP +THP+T" =0

2D finite elements 1D finite elements along €,

1 1 :
ABOV
D‘”@Q XN
IBDD o a
0 of¢ ° 881
o
Spectral method £8°0 0.8
Qﬂo% 0
296
—1 =il ‘
=1l =il 0 1

| e N=49 o w=8+025 e a=nr/3
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Algorithm and numerical results
Solve the periodic waveguide problem

1. e Compute the solutions E° () and E., () of the local cell problems

e Compute the local DtN operators 7°°, 7°%, 710, and 71!
2. Determine propagation operator P as the unique solution with a spectral radius p(P) < 1 of
TP+ (T + T HP+T% =0
3. Construct the solution U, (¢) cell by cell using

Ua(@)( +n@)| ¢ = Eq(P"¢) + E,(P" )

Solve the quasiperiodic half-line problem

Compute uq (z) = Uy (z €y)
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Algorithm and numerical results

| ew= 8+0.25i e a=7n/3 e p=exp(2inrx) |

2 Mo
1 1 |
| | |
Hp

n ‘l
Pp
1 T Re o

(U -
1L |
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Algorithm and numerical results

| ew= 8+0.25i e a=7n/3 e p=exp(2inrx) |

n ‘1
Hp

5 ‘1
Pp
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Algorithm and numerical results

| ew= 8+0.25 e a=7/3 e o=1-21(,32/3) |

Bo

=il =1l
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Algorithm and numerical results

| e w=20+025i e a=7/3 e p=1 |
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Algorithm and numerical results

| e w=20+025i e a=7/3 e p=1 |
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Algorithm and numerical results

| ew=20+0050 o a=n/3 e p=1 |

n ‘1
Hp

Bo

Po

n ‘1
Pp

© Pierre Amenoagbadji  Sonia Fliss  Patrick Joly 13




Algorithm and numerical results
Solve the periodic waveguide problem

0
«@

1. e Compute the solutions E° () and E., () of the local cell problems
e Compute the local DtN operators 7°°, 7°%, 710, and 71!
2. Determine propagation operator P as the unique solution with a spectral radius p(P) < 1 of
TP+ (T + T HP+T% =0

3. Construct the solution U, (¢) cell by cell using

Ua(#)(- + né)| o, = Eq(P" ) + Eq(P" )

Solve the quasiperiodic half-line problem

Compute uq (z) = Uy (z €y)

Solve the locally perturbed quasiperiodic problem on the whole line

Compute the DtN coefficients A* and the solution of the locally perturbed quasiperiodic problem (27)
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Algorithm and numerical results

| ew=10+0.05 e o=m/3 |
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Algorithm and numerical results

| ew=10+0.05 e o=m/3 |

N ooooao
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© Periodic half-space problem
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Model problem

Helmholtz equation with Dirichlet boundary condition

We wish to compute u € H'(2,), Q4 := {x; tan o — x5 > 0}, the unique solution of

—divAVu —p Wwlu=0, z¢€ Q4
(2)

u=¢, x€ 0Ny
where e Jmw >0

e A c ¢°(R*;R**?)and p € ¢"(R?) are 1-periodic, bounded and coercive

o The Dirichlet data ¢ belongs to H/2 (8% ).
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Current methods

When tan « is rational

The medium is periodic along the
interface
Fliss, Joly, 2008; Fliss, Cassan, Bernier, 2010

wei D @ @ @
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When tan « is rational

The medium is periodic along the
interface
Fliss, Joly, 2008; Fliss, Cassan, Bernier, 2010

tana =1

Procedure in the rational case

1. Apply Floquet-Bloch transform in the direction of the boundary

2. Solve a family of waveguide problems parameterized by the Floquet variable
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Current methods and limitations

When tan « is rational

The medium is periodic along the
interface
Fliss, Joly, 2008; Fliss, Cassan, Bernier, 2010

But the domain size increases with the
denominator of tan a.

tano = 1/2

Procedure in the rational case

1. Apply Floquet-Bloch transform in the direction of the boundary

2. Solve a family of waveguide problems parameterized by the Floquet variable
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Current methods and limitations

When tan « is rational

The medium is periodic along the
interface
Fliss, Joly, 2008; Fliss, Cassan, Bernier, 2010

But the domain size increases with the
denominator of tan a.

tano = 1/3

Procedure in the rational case

1. Apply Floquet-Bloch transform in the direction of the boundary

2. Solve a family of waveguide problems parameterized by the Floquet variable

© Pierre Amenoagbadji  Sonia Fliss  Patrick Joly 15



Current methods and limitations

When tan « is rational

The medium is periodic along the
interface
Fliss, Joly, 2008; Fliss, Cassan, Bernier, 2010

But the domain size increases with the
denominator of tan a.

When tan « is irrational

The medium is no longer periodic along
the interface

But it still has a quasiperiodic structure.
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A hidden quasiperiodicity property

Quasiperiodic structure
Define V z = (21, 22,23) ER®, A,(2) = A(z1 + 23,22) and p,(2) = p(z1 + 23, 22)
e Thetensor A, and the coefficient p,, are lifts of A and p.

e A, and p, represent a 1-periodic medium in all directions.

.., 0000000
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A hidden quasiperiodicity property

Quasiperiodic structure

Define V z = (z1, 22, 23) € R, A,(2) = A(z1 + 2z3,22) and p,(z) = p(z1 + 23, 22)

and consider the matrix 1 —teme
C=1]o0 1
0 tan o
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A hidden quasiperiodicity property

Quasiperiodic structure

Define V z = (z1, 22, 23) € R, A,(2) = A(z1 + 2z3,22) and p,(z) = p(z1 + 23, 22)

and consider the matrix 1 —teme
C=1]o0 1
0 tan o

Then one shows that

z€Qy <= Cz€ {(21,22,23) ER3, z; >0}
z €00y <= Cuz € {(21,22,23) €R3, 21 =0}
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A hidden quasiperiodicity property

Quasiperiodic structure

Define V z = (z1, 22, 23) € R, A,(2) = A(z1 + 2z3,22) and p,(z) = p(z1 + 23, 22)

and consider the matrix 1 —teme
C=1]o0 1
0 tan o

Then one shows that 3
r€Q <= Cuz e {(z1,22,23) €ER’, z1 > 0}

z €00y <= Cuz € {(21,22,23) €R3, 21 =0}

and

Vo eR?, A(z)=A,(Cz) and p(z) = pp(Cx)
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The lifting approach

Helmholtz equation with Dirichlet boundary condition

We wish to compute u € H' (Q.), the unique solution of
—divAVu —p wu= 0, z=€Qg
‘ u=¢, x4
whereV z € Q;, A(z) =A,(Cz) and p(z) = pp(Cx) with

vz:(217z27z3) €R37 AI>(Z):A(21+237Z2)7 /)I)(Z):/)(21+Z3722),
and where

1 —tana )
CcC=|0 1 satisfies =z € Q4 < Cz € R‘j_ = {z1 > 0}
0 tan a.

Seek w as the trace of a function U : Ri — C along the half-plane {Cz, = € Q4 }, thatis,

U(Cxz).
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Lifting onto a periodic half-space problem

Using the ansatz u(z) = U(C =) and the rule Vu(z) = [ *CVU](C ), it is natural to introduce

—divAVu — pw2 u=0, x€Qy,

u=¢, x€ 004
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Lifting onto a periodic half-space problem

Using the ansatz u(z) = U(C =) and the rule Vu(z) = [ *CVU](C ), it is natural to introduce

—divAVu — pw2 u=0, x€Q, — diV(CAPtCVU') 7p,)w2 U =, z1 > 0,
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Lifting onto a periodic half-space problem

Using the ansatz u(z) = U(C =) and the rule Vu(z) = [ *CVU](C ), it is natural to introduce

u=¢, x€ o4

I zo = zztan«

— z2
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Lifting onto a periodic half-space problem

Using the ansatz u(z) = U(C =) and the rule Vu(z) = [ *CVU](C ), it is natural to introduce

u=¢, x€ 004 U=¢p,, 21=0

¢p (22, z3) is an arbitrary function such that ¢, (s tan o, s) = ¢(s).

I zog = zz tan«
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Lifting onto a periodic half-space problem

Using the ansatz u(z) = U(C =) and the rule Vu(z) = [ *CVU](C ), it is natural to introduce

—divAVu — pw2 u=0, x€Qy, — diV(CA,,tCVU) 7p,)w2 U=—10% z1 > 0,

u=¢, x€ 004 U=¢p,, 21=0

¢p (22, z3) is an arbitrary function such that ¢, (s tan o, s) = ¢(s). It can be chosen periodic:

I zo = zz tan«

— 29
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Lifting onto a periodic half-strip problem

Using the ansatz u(z) = U(C =) and the rule Vu(z) = [ *CVU](C ), it is natural to introduce

—divAVu — p wiu=0, z€ Q4 — diV(CA,, tCVU) — Pp w?U =0, z1 > 0,

u=¢, x€ 004 U=¢pp, z21=0

¢p (22, z3) is an arbitrary function such that ¢, (s tan o, s) = ¢(s). It can be chosen periodic:

| pp(z2 +1,23) = pp(22,23) = U(-+ &) =U(:).

A

/>

B
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Lifting onto a periodic half-strip problem
Properties of the 3D half-strip problem —div(CA,'CVU) —p,w?U =0, 2z >0,

e Periodic coefficients

o Nonelliptic principal part U(+é&)=U()

© Pierre Amenoagbadiji  Sonia Fliss  Patrick Joly 18



Resolution of the half-strip problem
How to solve the 3D half-strip problem —div(CA,'CVU) —p,w’U =0, 2z >0,

U=pp, z21=0

1. Apply Floquet-Bloch transform along z3
U(+é&)=U()
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Resolution of the half-strip problem
How to solve the 3D half-strip problem —div(CA,'CVUL) —ppw® Up =0, 2z >0,

ﬁk:@u z1=0

1. Apply Floquet-Bloch transform along z3

2. Solve a family of waveguide problems U(- + &) = Ui(:), Uk(- + &) = e* Ui(-)
T~ i 8 = 1 o\ ikn
Vn € Z, U(z + nés) = % ./7‘” Up(z) eF™dk vz € R®, Uk(z) = Wors ngz U(z + nés) e'*

22
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Resolution of the half-guide problem

How to solve the 3D half-strip problem —div(CA,'CVUL) —ppw® Up =0, 2z >0,
ﬁk = @pv 21 =0
1. Apply Floquet-Bloch transform along z3
2. Solve a family of waveguide problems U(- + &) = Ui(:), Uk(- + &) = e* Ui(-)
LIPS ; 3 1 oy ikn
Vn € Z, U(z + nés3) \/127 ] Up(z) eF™dk vz € R®, Uk(z) = Wors ,ng U(z + nés) e'*

Half-guide

Fliss, Joly, 2008

1. Solve local cell
problems

2. Compute the
propagation
operator P
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Numerical results

Test case for the half-space problem

Data ¢ and function p
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Numerical results

Test case for the half-space problem

ew=5+05 e a=n/3 e o(s)=-exp(—s>/2)
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Numerical results

Test case for the half-space problem

ew=10+05 e a=n/3 e @(s)=exp(—s>/2)
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Numerical results

Test case for the half-space problem

ew=104+0.1i e a=n/3 e @(s)=exp(—s>/2)
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O Conclusion
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Conclusion

Resolution of the Helmholtz equation in a locally perturbed quasiperiodic medium
e Extend the PDE to a periodic PDE through the lifting approach
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Conclusion

Resolution of the Helmholtz equation in a locally perturbed quasiperiodic medium
e Extend the PDE to a periodic PDE through the lifting approach

The multidimensional case (ongoing)

e Extension to transmission problems

= ‘as 9., O
“m F OO"’ OO
EV’IT (¢] o

0 = & e Q° . °

(o)

D , D , mO mO
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